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1 ?
$(\mathbb{Z}, +, \cdot, 0,1)$
$E((x, y),$ $(u, v))\equiv y\neq 0\wedge v\neq 0\wedge x\cdot v=y\cdot u$
$\mathbb{Z}\cross(\mathbb{Z}-\{0\})$ $E$
$\frac{x}{y}\in \mathbb{Q}$ 1
$M$ $E(\overline{x}, ’\overline{y})$ $\overline{a}\in M$
E $\overline{a}_{E}$ $\overline{a}_{E}$ “ ”
$M^{eq}$ : $\mathbb{Q}\subseteq(\mathbb{Z}, +, \cdot, 0,1)^{eq}$ .






$\overline{a}_{E}$ definable set $X$ coding canonical parameter.









$\bullet$ $M=(M, <, \ldots)$ O-minimal (
$<$ dense linear order $jI\lambda I$ , $M$ definable
subset
$\bullet$ $C\subseteq M^{n}$ : cell $n$ inductive
$C\subseteq M$:cell $\Leftrightarrow C$
$C\subseteq M^{n+1}$ : cell $\Leftrightarrow C=\{(\overline{a}, f(\overline{a})) :\overline{a}\in D\subseteq M^{n}\}$ $C=\{(\overline{a}, b)$ :
$f(\overline{a})<b<g(\overline{a}),\overline{a}\in D\subseteq\Lambda I^{n}\}$ 0)
$D\subseteq M^{n}$ : cell $f,$ $g$ $D$ definable
:open box
$\bullet$ (Cell decomposition)
$X\subseteq AI^{n}$ : A-definable $\Leftrightarrow X$ A-definable cells disjoint union.
$\bullet$ $C$ ; cell, $X$ : definable $X\subset C$ $X$ $C$
(i.e. $tt$. $\in C$ $\overline{a}$ open box $B$ $(B\cap C)\cap X\neq\emptyset$
$(B\cap C)-X\neq\emptyset$ .)




$X$ $r_{\overline{a}}\in X\Leftrightarrow\overline{a}$ E-
A-definable set
$X= \bigcup_{i}$ Ci $A$ cell $Y$ open set E-
$Y\cap X\neq\emptyset$
Claim 1 $Y\cap C_{i}\neq\emptyset$ $C_{i}\subseteq Y$.
$C_{\dot{f}}\not\subset Y$ $C_{i}\cap Y\neq C_{i}$ . Ci cell $Y$ $\overline{a}\in C_{i}$ $\overline{a}$
$U$ $U\cap Y$ $U-Y$ $\overline{a}\in X$
Claim 2 $Y$ A-definable.
$C_{i}\cap Y\neq\emptyset$ “ $\overline{a}\in Y\Leftrightarrow\exists\overline{x,}\in C_{i}(E(\overline{x},\overline{a}))$ ” $Y$ $A$ definable}
3 O-minimal Closure
$a\in M,$ $A\subseteq M$
$\bullet$ $a\in dc1(A)\Leftrightarrow|\{\sigma(a) :\sigma\in Aut(\mathbb{J}I/A)\}|=1$ .
$dcl\cdots definable$ closure.
$\bullet$ $a\in ac1(A)\Leftrightarrow|\{\sigma(a):\sigma\in Aut(M/A)\}|<\aleph_{0}$ .
acl-algebraic closure.
$\bullet$ $(\Lambda/I, <, \ldots)$ $<$ “‘ linear order
$r_{orbit}$ acl(*) $=dcl(*)$ .
4 O-minimal
Cell, definable set, type
$\bullet$ $C\subseteq\Lambda l$ :cell
$di_{l}n(C)=1\Leftrightarrow C:open$ interval
$\dim(C)=0\Leftrightarrow C:_{J1\backslash \text{ }}^{-f}\sigma$
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$\bullet C\subseteq\Lambda_{i}f^{n+1}$ :cell
$C=\{(\overline{a})f(\overline{a})) : \overline{a}\in D\subseteq M^{z}\}$
$\dim(C)=\dim(D)$ .
$C=\{(\overline{a}, b) : \overline{a}\in D\subseteq M^{n}, f(\overline{a})<b<g(\overline{a})\}$
$\dim(C)=\dim(D)+1$ .
$\bullet$ $X:definable$ set
dim(X) $:= \max${$\dim(C)$ ; $C$ $X$ cell cell}.
$\bullet$ $\overline{a}\subset M,$ $A\subset M^{eq}$ $A$ $\overline{a}$ type
$\dim(\overline{a}/A)$ $:= \min${$\dim(X)$ : $\overline{a}\in X$ is A-definable}
: $A$ $\overline{a}$ type $tp(\overline{a}/A)=$ { $X$ : $X$ is A-definable and $\overline{a}\in X$ }.
Fact 4.1 $\dim(a_{1)}a_{2}, . . . , a_{n}/A)=m(\leq n)$ $a_{1},$ $a_{2}$ , . . . , $a_{n}$
$\bullet$ $a_{i}\not\in dc1(Aa_{1)}\ldots, a_{i-1})(i\leq m.)$
$\bullet$ $a_{j}\in dc1(Aa_{1}, \ldots, a_{m})(j>m)$
5 O-minimal




Fact 5.1 $\overline{a},$ $\overline{b}\subset M$ $A,$ $B,$ $CcM^{eq}$
(1) $\overline{a}\text{ _{}A}\overline{b}\Leftrightarrow\overline{b}\text{ _{}A}\overline{a}$.
(2) $\overline{a}\text{ _{}A}BC\Leftrightarrow\overline{a}\text{ _{}A}B,\overline{a}\text{ _{}AB}C$ .
(3) $\overline{a}$ $A\subset B$ $\sigma(\overline{a})\text{ _{}A}B$ $\sigma\in Aut(M/A)$
$\circ$
(4) $\overline{a}\text{ _{}A}\overline{a}$ $\overline{a}\subseteq dc1(A)$ .
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Definition 5.2 O-minimal $\Lambda I$
$(IND/I)$ $\overline{a},$ $A,$ $B\subset M$
$\overline{a}_{\backslash }L^{B,\overline{a}\text{ }.A}AB\Rightarrow\overline{a}_{dc1(A)\cap dc1(B)}$
AB
Theorem 5.3 O-minimal $M$ INDfI $AI$ E.I.
Proof. $e=\overline{a}_{E}\in M^{eq}$ $\sigma,$ $\tau\in Aut(M/e)$ $\sigma(\overline{a})\text{ _{}e}\overline{a},$ $\tau(\overline{a})\text{ _{}e}\overline{a},$ $\sigma(\overline{a})$
$- b:=\sigma(\overline{a}),\overline{c};=\tau(\overline{a})$
$\overline{a}\text{ _{}\overline{b}}\overline{c},\overline{a}\text{ _{}\overline{c}}\overline{b}$
$IND/I$ $\overline{a}\text{ _{}A}\overline{b},\overline{c}$ $(A :=dcl(\overline{b})\cap dcl(\overline{c}))$ .
$\epsilon i\in dc1^{eq}(\overline{a})\cap dc1^{eq}(\overline{b})$
$e\text{ _{}A}e$ . $e\in dc1^{eq}(A)$ .
$\overline{b}t_{e}\overline{c}$ $A\subset dc1(e)$ . dcl $(e)=dc1^{eq}(A)$ .
[P]
Fact 5.4 $A\subset \mathbb{J}\ell$
$dc1(A)$ $\wedge\hslash f$ $M$ E.
Example 5.5 (1) $(\mathbb{Q}, <),$ $(\mathbb{Q}, <, +)$ $IND/I$ E.I.
(2) $(\mathbb{Q}, <\}+. 1)_{:}$ RCF Fact E.
(3) $+$
$E((x, y),$ $(u, v))\equiv x+y=u+v$
$E$ $(\mathbb{Q}, <, E)$ E.I.
Proof. (3): $a,$ $b,$ $c\in \mathbb{Q}$ $E((a, b),$ $(c, d)),$ $d\in \mathbb{Q}$ $(a, b)$
$E- clas_{\iota}\backslash \neg$ $\zeta\iota b$-dePnable cd-deffiable. E.I. $(a, b)$
E-class } $dc1(0,b)\cap dc1(cd)$-definable $dc1(ab)\cap dc1(cd)=\emptyset$





$A_{0}=dc1^{eq}(A_{0})$ $tp(\overline{a}/A)$ Canonical base
$Cb(\overline{a}/A)=A_{0}$
Canonical base (Example 6.3)
Remark 6.1 O-minimal $M$
EI+ Canonical base $\Rightarrow INDfI$.
Proof. $\overline{a}\text{ _{}A}^{B,\overline{a}}\text{ _{}B}^{A,A=dc1(A),B=dc1(B)}$ $A_{0}$ $:=Cb(\overline{a}/AB)$
$A_{0}\subseteq A\cap B$ . $\dim(\overline{a}/AB)=\dim(\overline{a}/A\cap B)$ .
[P1]
$t,p(\overline{\alpha}/AI)$
$\overline{a}=\overline{a}\overline{b},$ $\dim(\overline{\alpha}/\Lambda I)=\dim(\overline{a}/\Lambda/f)=|\overline{a}|,$ $\overline{b}\subset dc1(\lambda I\overline{a})$
(Fact 6.2 $\overline{a}$ $M$ )
$f(\overline{x},\overline{y})$ $f(\overline{a},\overline{n}^{-}|,)=\overline{b}(\overline{m}\subset M)$
$\emptyset$-definable (partial) function \Re ’
$E_{f,\overline{a}}(7\overline{n}_{1}, r\overline{\gamma}\iota_{2})\Leftrightarrow$





Fact 6.2 $d=dc1(d)\subset\Lambda I$
$d=Cb(\overline{a}\overline{b}/M)\Leftrightarrow dc1(d,\overline{a})=dc1(\overline{m}_{E_{f.\overline{a}}},\overline{a})$ .
: $\overline{m}\subset M$ $\overline{m}_{E_{f,d}}\subset M$ $dc1(d,\overline{a})=dc1(\overline{m}_{E_{f,\delta}},\overline{e\iota})$
$d=dc1(d)\subset\Lambda I$
Proof. $(\Rightarrow)$ : $d=Cb(\overline{a}, \overline{b}/hI)\subset M,$ $\dim(\overline{a})=\dim(\overline{a}/M)=|\overline{a}|,\overline{b}\subset dc1(M\overline{a})$
$f,$ $g$ $f(\overline{a}_{\tau}r\overline{n})=\overline{b},$ $g(\overline{a}, d)=\overline{b}$
$\emptyset$-definable function
Claim 3 $\overline{m}_{\mathcal{B}_{f,\tilde{\mathfrak{a}}}}.\in dc1(\overline{a}, d)$ .
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$\overline{a}$
$\cdot\overline{m},$ $d$ $f(\overline{a},\overline{m})=\overline{b}=g(\overline{a}, d)$ $\overline{a}$ $U$ $f(\overline{x},\overline{m})=g(\overline{x}, d)$ .
$\sigma\in Aut(\mathcal{M}/\overline{a}_{)}d)$ $\sigma(U)$ $f(\overline{x}, \sigma(\overline{m}))=g(\overline{x}, d)$ . $\overline{a}$
$U\cap\sigma(U)$ $f(\overline{x},\overline{m})=f(\overline{x}, \sigma(\overline{m}))$ $\overline{m}_{E_{f,\overline{a}}}=\sigma(\overline{m})_{E_{f,\overline{a}}}$ .
Claim 4 $d\in dc1(\overline{a},\overline{m}_{E_{f,\overline{a}}})$ .
$\sigma\in Aut(\mathcal{M}/\overline{a},\overline{m}_{E_{f,\overline{\alpha}}})$ $\overline{a}$ $U$ $f(\overline{x},\overline{m})=f(\overline{x}, \sigma(\overline{m}))$ .
$\overline{a}$ $U’$ $U’\subseteq U\cap tP^{\mathcal{M}}$ $(\overline{a}/\overline{m}, d)\cap tp^{\mathcal{M}}(\overline{a}/\sigma(\overline{m}))\sigma(d))$ $\overline{a}’\in U^{t}$
$\dim(\overline{a}’/\overline{m}, d, \sigma(\overline{m}), \sigma(d))=|\overline{a}’|$ $\overline{a}’\in U$ $\overline{e}$ $:=f(\overline{a}’,\overline{m})=$
$f(\overline{a}’, \sigma(\overline{m}))$ $Cb(\overline{a}, \overline{b}/M)=Cb(\overline{a},\overline{b}/d)=d=Cb(\overline{a}’,\overline{e}/d)$ $\sigma(d)=$
$Cb(\overline{a}’,\overline{e}/\sigma(d))$ .
$\dim(\overline{a}_{1}’\overline{e}/d, \sigma(d))=|\overline{a}’|$ $d=Cb(\overline{a}’,\overline{e}/d)=Cb(\overline{a}’, e/d, \sigma(d))=$
$Cb(\overline{a}’,\overline{e}/\sigma(d))=\sigma(d)$ .
$(\Leftarrow):e\in\Lambda I-\cdot\dim(\overline{a}\overline{b})/e)=\dim(\overline{\alpha},\overline{b}/\Lambda l)$ $d\in dc1(e)$
Claim 5 $r\overline{n}_{B_{f,\overline{a}}}\in dc1(\overline{a}, e)$ .
$b\in dc1(\overline{a}, e)$ $\sigma\in Aut(\mathcal{M}/\overline{a}, e)$ $f(\overline{a},\overline{m})=b=\sigma(b)=$
$f(\overline{a}_{7}\sigma(\overline{m}))$ $\overline{a}$ $\overline{m},\overline{a}$ $\sigma(\overline{m})$ $\overline{m}_{E_{f,d}}=\sigma(\overline{m})_{E_{f,d}}$ .
$d\in dc1(\overline{a}, e)$ . $d\text{ _{}\epsilon^{\backslash }}\overline{a}$ $d\in dc1(e)$
Example 6.3 $\alpha\in \mathbb{R}-\overline{\mathbb{Q}}$ $(\mathbb{R}, +, 0,1, \alpha(*)|(-1,1))$ canonicat base
type
Proof. Big model $\mathcal{M}’\succeq(\mathbb{R}, +, 0,1, \alpha(*))$ $\alpha(*)$ $(-1,1)$
reduct model $\mathcal{M}$
$a,$ $b,$ $c(\in \mathcal{M}^{f})>\mathbb{R}$ }$a-b|<1,$ $|c-\alpha(b)|<1,$ $\dim’(a, b, c)=3$
$d$ $:=\alpha(a-b)+c$
$di\iota n’(a_{7}d/b, c)=\dim(a, d/b, c)=1$ .
$c-\alpha(b)=d-\alpha(a)=Cb’(a, d/b, c)$
( $f(x, y, z)=z+\alpha(x-y)$ $d=f(a, b, c)$ $dc1((b, c)_{E_{f,a}})=dc1(c-\alpha(b))$
)




$E_{f,a}((b, c),$ $(\sigma(b), \sigma(c)))$ . $D:=Cb(a, d/b, c)$ $dcI(D, a)=$
$dc1((b, c)_{E_{j,a}},$ $a$) $\subseteq dc1(a, d)$ .
$Cb’(a, d/b, c)\subseteq dc1’(D)$ $c-\alpha(b)\in dc1’(a, d)$ . $|c-\alpha(b)|<1$
$dc1(c-\alpha(b))=dc1’(c-\alpha(b))\subseteq dc1’(a\backslash \prime d)$ $d-\alpha(a)=c-\alpha(b)\in dc1(a, d)$ .
$\alpha(a)\in dc1(a, d)$ .
$a\text{ ^{}\prime}d$
$\alpha(a)\text{ _{}a}d$ . $\mathcal{M}$ $\alpha(a)\text{ _{}a}d$ $\alpha(a)\in dc1(a)$
[P] A.Pillay, Some remarks on definable equivalence relations in O-minimal
structures, JSL, 51, 1986, pp.709-714
[P1] A.Pillay, Canonical bases in O-minimal and related structures, 2006,
preprint.
[Y] Ikuo Yoneda, Forking and some eliminations of imaginaries, 2006, sub-
mitted.
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